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Abstract: For string theory on AdS3 with pure NS-NS flux a complete set of DDF
operators is constructed, from which one can read off the symmetry algebra of the
spacetime CFT. Together with an analysis of the spacetime spectrum, this allows
us to show that the CFT dual of superstring theory on AdS3 × S3 × T4 for generic
NS-NS flux is the symmetric orbifold of (N = 4 Liouville theory) × T4. For the
case of minimal flux (k = 1), the Liouville factor disappears, and we just obtain the
symmetric orbifold of T4, thereby giving further support to a previous claim. We
also show that a similar analysis can be done for bosonic string theory on AdS3×X.
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1 Introduction
Holography on AdS3 backgrounds has provided us with a useful tool to test ideas
about the AdS/CFT correspondence in a much more controlled setting than in the
higher dimensional cases [1]. On the one hand, string theory on AdS3 backgrounds is
dual to two-dimensional CFTs, which are often exactly solvable. On the other hand,
string theory on AdS3 backgrounds admits an exact solution in terms of a worldsheet
description employing WZW models [2–4]. This worldsheet description corresponds
to a pure NS-NS flux background.
It has often been asserted in the literature that the pure NS-NS background
is ‘singular’, in the sense that it features a continuum in the spectrum [5–7]. This
continuum is associated to strings which can reach the boundary of AdS3 at a finite
cost of energy – the so-called long strings. Hence, the dual CFT necessarily also
possesses such a continuum of states, which renders the vacuum of the dual CFT
non-normalisable.
It was shown in [8] that at least in the supersymmetric setting on AdS3×S3×T4,
something special happens if the NS-NS flux takes its smalles value (k = 1), in which
case the strings become tensionless. In this case, the continuum vanishes completely
from the spectrum due to various shortening conditions on the worldsheet. As a
result the k = 1 background is dual to a bona fide CFT without a continuum. By
matching the complete partition function and the fusions rules, strong evidence was
given in [8] that this CFT is in fact the much-discussed symmetric orbifold of T4, see
e.g. [9]. This yields an example of an AdS/CFT duality, in which both sides of the
duality are exactly solvable.
The purpose of this paper is twofold. First, we provide further evidence for
the picture advocated in [8] by showing that not only the spectrum matches, but
that we can also reproduce the algebraic structure of the dual CFT, in particular,
the commutation relations of the spectrum generating fields. This goes a long way
towards proving the duality in this case. The other main result is to show that a
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large part of the analysis of [8] can also be done for k > 1, and that this allows
us to make a convincing conjecture for the CFT dual in the more general case: for
superstring theory on AdS3 × S3 × T4 with k units of NS-NS flux, we propose that
the dual CFT is the symmetric orbifold,
SymN
([
N = 4 Liouville with c = 6(k − 1)
]
⊕ T4
)
, (1.1)
in the large N limit, see also [10–14] for related work.
The main idea behind elucidating the algebraic structure of the dual CFT is to
construct a complete set of ‘DDF operators’ [15] on the world-sheet. These operators
commute with the physical state conditions and hence act on the space of physical
states. In the context of AdS3, the construction of these DDF operators was already
pioneered some time ago [16], see also [17–19] for subsequent developments. We
complete and extend this analysis, and then use it to show that the symmetry algebra
of the spacetime CFT is indeed the chiral algebra of the above symmetric orbifold.
The worldsheet WZW model describing AdS3 is based on the affine algebra
sl(2,R)k, and the full spectrum of the theory consists of a certain family of discrete
and continuous representations of sl(2,R), together with their spectrally flowed im-
ages. The states from the w spectrally flowed sector correspond to strings which
wind asymptotically w times around the boundary of AdS3. The key observation of
our analysis is to note that the moding of the DDF operators depends critically on
the spectral flow sector they act on. For example, while the central charge of the
spacetime Virasoro algebra a` la Brown-Henneaux [20] apparently equals c = 6kw in
the w’th flowed sector [16], the modes of the spacetime Virasoro algebra are actually
allowed to take values in 1
w
Z in this sector.1 This is very reminiscent of the w-cycle
twisted sector of a symmetric orbifold, and we show that this interpretation is indeed
correct. Furthermore, we show that a similar argument applies to all the other DDF
operators (not just the spacetime Virasoro generators).
We will first exemplify the construction for bosonic string theory on AdS3, where
many technical complications are absent. We will show that the spectrum generating
algebra of the spacetime CFT for the background AdS3×X is that of the symmetric
orbifold of the Virasoro algebra times the chiral algebra of the (arbitrary) internal
CFT X. We also determine the representations of this algebra that actually appear
in the spacetime spectrum, and this leads to the conclusion that the spacetime CFT
is the large N limit of
SymN
([
Liouville with c = 1 +
6(k − 3)2
k − 2
]
×X
)
, (1.2)
1This is the case for the continuous representations on the world-sheet; for the discrete repre-
sentations the situation is more complex, see Section 2.7 and below.
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i.e. the symmetric orbifold of Liouville theory times the internal CFT. Here, the
continuum of Liouville theory arises precisely from the continuum of long string
excitations in the bulk.
While this proposal nicely encompasses all the long strings in AdS3, it does not
account for the short string solutions (that arise from the discrete representations
on the world-sheet). These describe non-normalizable states of the dual CFT and
therefore do not explicitly appear in the CFT spectrum (in the same way as the
vacuum does not appear in Liouville theory), see also [4] for a related discussion.
We also analyse in detail the supersymmetric background AdS3 × S3 × T4, in
which case the analogous conclusion to (1.2) is (1.1). We pay particular attention to
the case of k = 1, for which the Liouville part becomes trivial, thus explaining the
absence of the long string continuum from this viewpoint. Furthermore for k = 1,
there are no discrete representations on the worldsheet [8], and hence the analysis is
complete.
The paper is organised as follows. In Section 2 we develop the theory in the
technically simpler setting of bosonic string theory on AdS3×X. We explain how to
define the DDF operators and discuss their interpretation in detail. We also comment
on the role of the discrete representations (short strings) in Section 2.7. We then
move on to the supersymmetric setting in Section 3. It will be convenient to work
at least partially in the hybrid formalism [21], as it makes spacetime supersymmetry
manifest and can be used to define the k = 1 worldsheet theory. We explain carefully
how the degrees of freedom of the NS-R formalism can be rewritten in terms of hybrid
fields, and how this gives rise to the psu(1, 1|2)k WZW model that is discussed in
detail in Section 4. With these preparations at hand, we define the DDF operators in
Section 5 and compute their algebra. Finally, we identify the dual CFT of eq. (1.1)
in Section 6. We end with a discussion of our findings in Section 7. Appendix A
contains some details about the definition of the DDF algebra for general world-sheet
CFTs, whereas Appendices B and C mainly fix our conventions.
2 Bosonic strings on AdS3
As a warm-up to the technically more complex situation with supersymmetry, let us
begin by analysing bosonic string theory on
AdS3 ×X . (2.1)
2.1 The sl(2,R)k WZW model and its free field realisation
The AdS3 part of the background can be described by an sl(2,R)k WZW-model, and
criticality of the background then imposes
3k
k − 2 + cX = 26 . (2.2)
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In order to describe the vertex operators of the background, it is useful to employ
the Wakimoto representation of sl(2,R)k. Let us introduce a pair of bosonic ghosts
with λ = 1 (see Appendix C for our conventions)
β(z)γ(w) ∼ − 1
z − w , (2.3)
as well as a free boson
∂Φ(z)∂Φ(w) ∼ − 1
(z − w)2 . (2.4)
The free boson has background charge Q =
√
1
k−2 so that the total central charge
equals
c = 2 + 1 +
6
k − 2 =
3k
k − 2 = c
(
sl(2,R)k
)
. (2.5)
We then have the Wakimoto representation
J+ = β , (2.6a)
J3 =
√
k−2
2
∂Φ + (βγ) , (2.6b)
J− =
√
2(k − 2)(∂Φγ) + (βγγ)− k∂γ . (2.6c)
We should mention that treating Φ as a free field is only adequate near the boundary
of AdS3, see [16] for a discussion. More generally, it should be understood as a
Liouville field. However, since we are mainly interested in constructing the boundary
CFT, the above description will be sufficient for our purposes.
2.2 Vertex operators
The spectrum of the WZW model consists of affine highest weight representations
of sl(2,R)k (whose ground states we label by |j,m〉), together with their spectrally
flowed images. In the above free field realisation of sl(2,R)k, the affine highest weight
state |j,m〉 is described by
|j,m〉 =
∮
dz γ−j−me j
√
2
k−2Φ(z) |0〉 . (2.7)
Indeed, this state is annihilated by the positive modes of (2.6a)–(2.6c), and it
transforms under the zero mode algebra sl(2,R) in a representation with Casimir
C = −j(j − 1)
J+0 |j,m〉 = (m+ j)|j,m+ 1〉 , (2.8a)
J30 |j,m〉 = m|j,m〉 , (2.8b)
J−0 |j,m〉 = (m− j)|j,m− 1〉 . (2.8c)
Here j can either be real, in which case we are dealing with a discrete representation,
and then either m − j ∈ Z≥0 or m + j ∈ Z≤0 so that the representation truncates.
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Alternatively, j can also take the value j = 1
2
+ ip where p ∈ R, in which case
the Casimir is still real. In this case, m ∈ Z + λ for an arbitrary λ ∈ R/Z and
the representation does not truncate (except for p = 1
2
and λ = 1
2
). These are the
continuous representations of sl(2,R), which we shall denote by Cjλ. In the following
we shall be treating both cases simultaneously.
We should mention that the continuous representations with j = 1
2
+ ip cor-
respond to the usual representations of the Liouville field Φ, whereas the discrete
representations with j real describe non-normalisable representations. Indeed, the
conformal dimension of the highest weight state |j,m〉 is
h
(|j,m〉) = −j(j − 1)
k − 2 = −α(α−Q) , Q =
1√
k − 2 , (2.9)
where we have written j = α
Q
, so that j = 1
2
+ ip translates into α = Q
2
+ ipˆ with
pˆ = Qp. This will be a common theme throughout this paper, namely that the
continuous representations on the world-sheet behave much better than the discrete
(non-normalisable) representations. Finally, we should mention that the represen-
tations with j and 1 − j are in fact identified thanks to the reflection formula of
Liouville theory [22].
2.2.1 Spectral flow
We will also need the behaviour of the Wakimoto representation under the spectral
flow automorphism σ of sl(2,R)k, which transforms the fields according to
σw(J±)(z) = J±(z)z∓w , (2.10a)
σw(J3)(z) = J3(z) + kw
2z
. (2.10b)
This forces the fields of the Wakimoto representation to transform as
σw(β)(z) = β(z)z−w , (2.11a)
σw(γ)(z) = γ(z)zw , (2.11b)
σw(∂Φ)(z) = ∂Φ(z) +
√
k−2
2
w
z
. (2.11c)
Applying spectral flow to the affine highest weight state (2.7) thus leads to
|j,m,w〉 =
∮
dz z−mwγ−j−me j
√
2
k−2Φ(z)|0〉 . (2.12)
2.3 The DDF operators
The next step of our analysis consists of constructing the DDF operators [15], i.e.
the spectrum generating operators of the spacetime CFT from the world-sheet.
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2.3.1 The Virasoro algebra
The most generic spacetime generators are the Virasoro generators that can be con-
structed following [16]. They can be formulated purely in terms of the sl(2,R)k
worldsheet currents; this reflects that the conformal symmetry of the spacetime CFT
arises from the AdS3 factor. To this end we make the ansatz
Lm =
∮
dz
(
α3(m)γ
mJ3 + α+(m)γ
m+1J+ + α−(m)γm−1J−
)
(z) , (2.13)
where we have introduced the curly L symbol in order to distinguish the spacetime
Virasoro algebra from the world-sheet Virasoro generators. Here the exponents of γ
are chosen such that the sl(2,R)-charges are homogeneous. In order for Lm to be a
DDF operator, it has to satisfy the following requirements:
(i) It has to commute with the physical state conditions, i.e. the string theory
BRST operator. In the context of bosonic string theory this requirement is
equivalent to the condition that the integrand is a primary field of conformal
dimension 1. A direct computation shows that this requires
mα3(m) + (m+ 1)α+(m) + (m− 1)α−(m) = 0 . (2.14)
(ii) It must not be BRST trivial, i.e. the integrand must not be a Virasoro descen-
dant. The BRST trivial combination of the integrand is
γmJ3 − 1
2
γm+1J+ − 1
2
γm−1J− = k
2
γm−1∂γ , (2.15)
which is a total derivative unless m = 0 (in which case this will only shift the
zero mode L0 by the spacetime identity (2.19), see the discussion in Section 2.4).
Thus we are free to redefine the DDF operator by adding a multiple of (2.15).
(iii) Finally, we may require that the three global (Mo¨bius) generators correspond
to the global sl(2,R) charges,
L0 =
∮
dz J3(z) , L−1 =
∮
dz J+(z) , L1 =
∮
dz J−(z) . (2.16)
These requirements admit the following (symmetrical) solution [16]
Lm =
∮
dz
(
(1−m2)γmJ3 + m(m− 1)
2
γm+1J+ +
m(m+ 1)
2
γm−1J−
)
(z) . (2.17)
By construction, these operators then map physical states onto physical states. One
can directly compute their algebra as
[Lm,Ln] = (m− n)Lm+n + k2 Im(m2 − 1) δm+n,0 , (2.18)
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where
I =
∮
dz
(
γ−1∂γ
)
(z) . (2.19)
We will discuss the meaning of I below. For now, we remark that I commutes with
all Virasoro generators Lm and is hence a central element of the algebra. One way
to see this is to note that
[Lm, I] =
( ∮
|z|>|w|
dz
∮
dw −
∮
|z|<|w|
dz
∮
dw
)(
γ−1∂γ
)
(w) (2.20)
(
(1−m2)γmJ3 + m(m− 1)
2
γm+1J+
m(m+ 1)
2
γm−1J−
)
(z)
=
∮
0
dw
∮
w
dz
(
− γ
m(w)
(z − w)2 −
m(γm−1∂γ)(w)
z − w
)
(2.21)
= −m
∮
0
dw
(
γm−1∂γ
)
(w) (2.22)
= −
∮
0
dw ∂
(
γm
)
(w) = 0 . (2.23)
where the OPE in (2.21) follows directly by inserting the Wakimoto representation
(2.6a)–(2.6c) and using the free field OPEs (2.3) and (2.4).
2.3.2 Kac-Moody algebras
In the superconformal situation to be discussed below, the internal manifold X will
contain an S3 factor, which can be described by an su(2) WZW model. Whenever
the world-sheet theory contains a WZW factor, we have an affine Kac-Moody algebra
gkG on the world-sheet whose generators we denote by
[Kam, K
b
n] = kG mδ
abδm+n,0 + if
ab
cK
c
m+n , (2.24)
where fabc are the structure constants of the Lie algebra g corresponding to the group
G. We may then construct DDF operators realising the corresponding symmetry in
spacetime via [16]
Kam =
∮
dz
(
γmKa
)
(z) . (2.25)
These operators are BRST invariant and lead to a Kac-Moody algebra in spacetime
with commutation relations
[Kam,Kbn] = kG Imδabδm+n,0 + ifabcKcm+n . (2.26)
Here I is again defined by (2.19).
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2.3.3 Higher Spins
One may expect that a similar construction should also work for the other chiral
world-sheet fields arising from X. In particular, we should be able to construct DDF
operators associated to the (internal) Virasoro algebra associated to X, as well as for
any higher spin generator of the chiral algebra associated to X. (This just reflects the
fact that any world-sheet symmetry encoded by the presence of a chiral field should
lead to a corresponding spacetime symmetry.) These expectations are indeed borne
out, and the relevant constructions are described in Appendix A; since this does not
seem to have been discussed in the literature before, we give a fairly detailed account
of it there.
2.4 The identity operator
For the following it will be important to understand the structure of the central
extension I of eq. (2.19). As we have seen above, I commutes with the Virasoro
generators (and therefore also with all the other DDF operators), and hence acts as
a constant in a given representation of the spacetime algebra. Since its definition
only involves γ, its value can only depend on the given sl(2,R)k representation. To
determine the relevant constants, we recall that the highest weight states of the
sl(2,R) WZW model can be described by |j,m〉, see eq. (2.7), in the unflowed sector.
Since |j,m〉 does not contain β (and γ has regular OPE with itself as well as with
∂Φ), it follows directly that I has trivial action in the unflowed sector
I |j,m〉 = 0 . (2.27)
On the other hand, upon spectral flow
σw(I) =
∮
dz
(
γ−1z−w∂(γzw)
)
(z) = I + w 1 . (2.28)
Thus, we conclude that I acts as w times the identity in the w-th spectrally flowed
sector [16].
2.5 The moding of the spacetime algebra
Next we want to analyse the structure of the algebra of DDF operators, in particular,
that of the central terms. For this it will be important to analyse carefully the
conditions under which the action of these DDF operators is well-defined.
Let us first consider the unflowed sector. Because of (2.27) together with the ex-
plicit formula for (2.19), it follows that log(γ)(z) can be consistently defined without
branch cut by2
log(γ)(z) ≡
∫ z
1
dw
(
γ−1∂γ
)
(w) . (2.29)
2Strictly speaking, this argument only shows that log(γ)(z) can be defined without branch cut
in a neighborhood of 0. However, this is all what is needed in the following.
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Thus we conclude that
γm(z) = exp(m log(γ)(z)) (2.30)
is a single-valued field for any (real) number m ∈ R. We should mention that all
these expressions are well-defined; as γ(z) has a regular OPE with itself, there is no
normal-ordering ambiguity.
Next we consider the w-th spectrally flowed sector. Because of (2.11b), the m-th
power of γ becomes (
σw(γ)
)m
(z) = z−mwγm(z) . (2.31)
This therefore defines a single-valued field provided that m ∈ 1
w
Z. Since it is γm that
appears in the definition of the various DDF operators, see eqs. (2.17), (2.25), as well
as (A.6), we conclude that we may take the mode numbers of the DDF operators to
be fractional, with the fractional part being determined by the spectral flow,3
w-th spectrally flowed sector: n ∈ 1
w
Z . (2.32)
We should stress that these fractionally moded operators map in general different
sl(2,R) representations into one another. In particular, an oscillator Zn with mode
number n carries charge −n under J30 , and hence Zn acts on the continuous repre-
sentations as
Zn : Cjλ → Cjλ−n . (2.33)
Thus for n 6∈ Z, the two representations are inequivalent, but since both are part
of the world-sheet spectrum, these operators are still well-defined. Note that for the
diagonal world-sheet spectrum (that is appropriate for the description of AdS3), the
left- and right-moving values of λ agree; this turns out to incorporate the orbifold
projection in the w-cycle twisted sector, see [8, 23, 24] and the comments below in
Section 5.4.
We should also mention that on the discrete representations we necessarily need
n ∈ Z (since otherwise the image lies in a representation that is not part of the world-
sheet spectrum). In the following we shall therefore only consider the continuous
world-sheet representations; we will comment on the role of the discrete world-sheet
representations in Section 2.7.
2.5.1 Untwisting
As we have just seen, the spacetime generators are naturally fractionally moded when
acting in the w-th spectrally flowed continuous representations, see eq. (2.32). This
suggests that these worldsheet representations give rise to the w-cycle twisted sector
of a symmetric product orbifold from the viewpoint of the spacetime CFT, see also
3In the unflowed sector we may take n ∈ R. We should remind the reader that the only
physical states (except for the tachyon) that arise from the unflowed sector come from discrete
representations.
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[8, 23, 24]. In order to read off the structure of the underlying seed theory we can
‘untwist’ these generators. Let us explain this for the case of the (overall) Virasoro
generators. We propose to define the untwisted generators L̂m via
Lm
w
=
1
w
L̂m + k (w
2 − 1)
4w
δm,0 , (2.34)
where m now takes values in Z. While the central term for the original Ln modes
depends on w (because I = w 1), the above correction term ensures that the L̂m
satisfy a Virasoro algebra with c = 6k, independently of w. Indeed, it follows from
(2.18) that [L̂m, L̂−m] equals
[L̂m, L̂−m] = 2mwL0 + k
2
w2
m
w
(m2
w2
− 1
)
w (2.35)
= 2m L̂0 +m k
2
[
(w2 − 1) + (m2 − w2)
]
(2.36)
= 2m L̂0 +m (m2 − 1) k
2
. (2.37)
The relation between the two sets of modes in eq. (2.34) has exactly the same form as
for the case of a symmetric orbifold, where the Ln modes act on the covering space,
while the L̂m generators are those of the seed theory, see e.g. [25–27].
The analysis for the other DDF operators is similar. For example, for the current
algebra (2.26), the untwisted generators are defined via
Kam
w
= K̂am , (2.38)
leading to an affine Kac-Moody algebra of level kG for the seed theory. This formula
generalises directly also to the higher spin DDF operators of Appendix A: for a
primary field of spin s, the untwisted generators are defined via
W(s)m
w
= w1−s Ŵ(s)m , (2.39)
and these untwisted generators then have exactly the same commutation relations as
in the original world-sheet chiral algebra. Note that (2.38) and (2.39) are simply the
transformation rules of a primary field of conformal weight s under the map z 7→ zw,
which relates the modes defined on the covering space to those of the base space. The
correction term in (2.34) then reflects the fact that the stress-energy tensor is only
quasiprimary, and that its transformation rule therefore also involves the Schwarzian
derivative.
2.5.2 The seed theory
The above considerations suggest that the w = 1 sector corresponds to the untwisted
sector of a symmetric product orbifold in spacetime. As a consequence, the DDF
operators in the w = 1 sector describe the chiral algebra of the seed theory of the
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symmetric product. The construction we have discussed so far shows that this chiral
algebra contains the chiral algebra of X, together with the overall Virasoro tensor of
central charge c = 6k, under which the primary fields of X transform also as primary
fields. In order to elucidate the structure of this algebra, it is convenient to decouple
the X factor by defining the (coset) Virasoro tensor
LLm = Lm − Lmm , (2.40)
where we have subtracted the ‘matter’ Virasoro algebra Lm associated to X, see
Appendix A for its explicit construction from the worldsheet. The modes of LLm
commute by construction with all modes of X and lead to a Virosoro algebra of
central charge [5]
cL = 6k − cX = 6k −
(
26− 3k
k − 2
)
= 1 +
6(k − 3)2
k − 2 . (2.41)
Here, we have used that the string background is critical, see eq. (2.2). Thus, the
spacetime algebra is a Virasoro algebra of central charge cL together with the (de-
coupled) chiral algebra of the internal CFT. We note that the Virasoro algebra can
be represented by a Liouville field with
Q′ =
k − 3√
k − 2 . (2.42)
This will play an important role in the following.
2.6 Identifying Liouville theory on the world-sheet
The previous discussion now suggests that the seed theory of the spacetime symmetric
orbifold is given by [
Liouville with cL = 1 +
6(k − 3)2
k − 2
]
×X . (2.43)
Since we have already shown that the spacetime theory has the corresponding sym-
metry generators, it remains to match the spectrum of the two theories. Recall that
bosonic Liouville theory is believed to be uniquely characterised by having Virasoro
symmetry, together with the full spectrum of primary fields [28, 29].
To match the spectrum, we look at the string theory mass shell condition, which
reads in the bosonic case
−j(j − 1)
k − 2 − wh+
k
4
w2 + hint +N = 1 , (2.44)
where h is the conformal weight of the state in the dual CFT, N the excitation
number on the worldsheet and hint the conformal weight of the state in the internal
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CFT. For w > 0, we can immediately solve for h,4 which gives
h = −α(α−Q)
w
+
kw2 − 4
4w
+
hint +N
w
, (2.45)
where we have rewritten the conformal dimension of the sl(2,R)k part using eq. (2.9).
Next we observe that the first two terms can be rewritten as
−α(α−Q)
w
+
kw2 − 4
4w
= − 1
w
(
α− Q
2
)2
+
Q2
4w
+
kw2 − 4
4w
(2.46)
= − 1
w
(
α− Q
2
)2
+
Q′2
4w
+
k
4w
(w2 − 1) (2.47)
≡ −α
′(α′ −Q′)
w
+
c
24w
(w2 − 1) , (2.48)
where we have used that (2.9) and (2.42) imply that
Q2 = Q′2 − (k − 4) , (2.49)
and identified
α′ − Q
′
2
= ±
(
α− Q
2
)
. (2.50)
Moreover, we have used the fact that the seed theory has central charge c = 6k. Thus
the spacetime theory has exactly the spectrum of the symmetric orbifold of (2.43),
where the last term c
24w
(w2 − 1) is the ground state conformal weight in the w-cycle
twisted sector. Furthermore, because of (2.50), the continuous representations on the
world-sheet (that correspond precisely to the usual representation of the Liouville
field Φ, see the discussion below eq. (2.9)), map one-to-one to the usual Liouville
representations of the spacetime Q′ theory.
We have therefore shown that the continuous representations on the world-sheet
lead precisely to the symmetric orbifold (in the large N limit)
SymN
([
Liouville with cL = 1 +
6(k − 3)2
k − 2
]
×X
)
(2.51)
in spacetime.
Let us mention that for k = 3, the Liouville part has cL = 1,5 and in particular
there is no gap in the spectrum. This ties in with the observation made in [35],
4This step only works in this manner for the continuous world-sheet representations since the J30
eigenvalues (modulo one) are not already determined by j, but are parametrised by the independent
parameter λ.
5There are actually two theories with this spectrum for cL = 1, one being Liouville theory and
the other being the Runkel-Watts theory [30, 31], see [32–34]. From what we have shown, it is not
entirely clear what the correct theory should be. However, Liouville theory exists for any real k,
whereas non-analytic Liouville theory (of which the Runkel-Watts theory is a particular case) only
exists for b2 ∈ Q, where c = 1 + 6(b + b−1)2. Since we expect a continuous behaviour in k, it is
natural that the correct theory should always be Liouville theory, also at cL = 1.
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that there are massless higher spin fields appearing for this special amount of flux.
Contrary to what happens in the supersymmetric setting [8], this does, however,
not mean that the long string continuum disappears. We should mention that the
continuum for k = 3 is somewhat reminiscent of the light states spectrum of higher
spin theories, see e.g. [36].
2.7 Discrete representations
We end this bosonic analysis with a brief discussion of the role of the discrete world-
sheet representations. As we have seen above, the continuous world-sheet represen-
tations lead precisely to the spacetime spectrum of the symmetric orbifold (2.51),
which defines a well-defined spacetime CFT by itself. One may therefore wonder
what role the states from the world-sheet discrete representations should play?
It follows from the analysis in Section 2.6 that the discrete representations can
give rise to physical states that lie below the Liouville gap, see in particular eq. (2.50).
However, the analysis of the discrete representations is somewhat complicated since
the J30 eigenvalue, modulo integers, equals the spin j, and hence one cannot just
solve the mass-shell condition as in eq. (2.45). As a consequence, the existence of a
physical state also depends on the precise value of hint (and N). Furthermore, the
Maldacena-Ooguri bound [2] constrains j to lie in the interval (1
2
, k−1
2
).
We have analysed systematically which spacetime states arise from the discrete
representations (as a function of hint +N), and the picture that emerges is the follow-
ing,6 see Fig. 1: the discrete representations with spectral flow w lead to spacetime
states that either lie inside the continuum — this is the case for the vast majority
of these states — or are a number of isolated states just below the Liouville gap.
(For large k, the distance to the Liouville gap scales as k.) These isolated states
in turn lie above a line that interpolates between the gaps coming from the w’th
and w + 1’st twisted sector of the symmetric orbifold. The fact that these states lie
below the symmetrically orbifolded Liouville gap will be important below in the susy
setting, since the discrete representations account for the BPS states of the spactime
theory (which are not part of the symmetric orbifold of N = 4 Liouville theory).
However, apart from these special cases, the resulting spacetime states do not seem
to correspond to special Liouville representations — in fact, given that they depend
sensitively on the value of hint +N , this cannot be otherwise.
As explained in [4], the discrete representations on the world-sheet lead to non-
normalisable operators in the spacetime CFT that are not really part of the spacetime
CFT. In particular, not all of their correlation functions are well-defined; for example,
in the unflowed sector the condition for the n-point correlator to be well-defined (and
6This also ties in with the findings of [37].
– 13 –
0 10 20 30 40
5
10
15
20
25
30
Figure 1. The spacetime conformal weight in dependence of the internal conformal weight
hint +N . For definiteness, we have chosen k = 20. Dashed lines indicate the bottom of the
continuum in the respective sector. We have plotted the discrete representation as solid
lines. There are several lines which correspond to the choice of state in a particular sl(2,R)
representation.
make physical sense) is that ∑
i
ji < k + n− 3 , (2.52)
see footnote 19 of [4]. As we have seen above, see eq. (2.50), the dictionary to the
spacetime CFT implies that the discrete representation with spin j = α
Q
, corresponds
to a field in the spacetime Liouville theory with
α′ − Q′
2
=
(
j − 1
2
)
Q . (2.53)
Thus the above bound (2.52) becomes∑
i
(α′i − Q
′
2
) =
∑
i
Pi <
(
k + 1
2
(n− 6))Q ∼= Q′ , (2.54)
where Pi are the so-called Liouville momenta, and we have used that (k− 3)Q = Q′.
In the semiclassical limit, k and hence Q′ are large, and this condition therefore
becomes ∑
i
Pi < Q
′ = b′ + (b′)−1 ∼= b′ , (2.55)
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where b′ is the parameter that appears in the exponential of the Liouville potential.
This has now a natural interpretation, namely that the Liouville potential needs to
dominate over the excitations of the fields in the correlator. This therefore realises
the idea of the quantum mechanical toy model in Section 3.2 of [4], and thus nicely
ties in with their findings.
3 A review of superstrings on AdS3 × S3 × T4
In the following sections we shall repeat the above analysis for the supersymmetric
setting. We shall concentrate on the case of superstring theory on AdS3 × S3 × T4.
There are two formalisms for describing the background, the RNS formalism [2]
and the hybrid formalism [21]. The RNS formalism is technically simpler, since it
involves only bosonic WZW models and free fermions on the worldsheet. On the other
hand, the hybrid formalism makes spacetime supersymmetry manifest. Moreover as
demonstrated in [8], it is well-defined for all values of NS-NS background flux k,
in particular for k = 1. In the following, we shall actually use a mixture of both
formalisms, treating the fields of T4 in the RNS-formalism, and the fields of AdS3×S3
in the hybrid formalism.
3.1 The RNS formalism
In the RNS formalism, the worldsheet theory takes the form [2, 16]
sl(2,R)
(1)
k ⊕ su(2)(1)k ⊕
(
u(1)(1)
)4
, (3.1)
where sl(2,R)
(1)
k describes the AdS3 factor, su(2)
(1)
k the S
3 factor and the flat torus
directions are represented by four u(1) currents. The superscript (1) indicates that
these are the correspondingN = 1 superconformal current algebras. We can decouple
the free fermions from the affine generators and hence get
sl(2,R)
(1)
k
∼= sl(2,R)k+2 ⊕ 3 free fermions , (3.2)
su(2)
(1)
k
∼= su(2)k−2 ⊕ 3 free fermions . (3.3)
We shall denote the decoupled sl(2,R)k+2 currents by J
a, the decoupled su(2)k−2
currents by Ka, and the free bosons of T4 by ∂Xα and ∂X¯α. Here, a = ±, 3 is an
adjoint index of sl(2,R) or su(2), respectively, while α = ±. Note that we have paired
the four bosons of T4 into two complex bosons. The index α = ± will turn out to be
a spinor index of the outer automorphism group of small N = 4 supersymmetry.
Moreover, we have ten fermions on the worldsheet transforming in the adjoint
representation of the bosonic groups. We denote the sl(2,R) fermions by ψa, and
the su(2) fermions by χa, where again a = ±, 3. Finally, we pair the four fermions
of T4 together into two complex fermions, which we denote by λα and λ¯α. λα is the
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N = 1 superpartner of the bosons ∂Xα on the worldsheet, and similarly for λ¯α and
∂X¯α. The α-index is again a spinor index of the outer automorphism su(2) of the
small N = 4 spacetime supersymmetry. We will see below that the fermions λα and
λ¯α give rise to four fermions in spacetime which transform as doublets under the
N = 4 R-symmetry. The (anti)commutation relation of the modes of these fields are
summarised in Appendix B.
As before we want to quantise this theory via BRST quantisation. For this, we
need the N = 1 superconformal structure on the worldsheet, which is explicitly given
by
T (z) =
1
k
(
− J3J3 + 1
2
(
J+J− + J−J+
)
+ ψ3∂ψ3 − 1
2
(
ψ+∂ψ− + ψ−∂ψ+
))
+
1
k
(
K3K3 + 1
2
(
K+K− +K−K+
)− χ3∂χ3 − 1
2
(
χ+∂χ− + χ−∂χ+
))
+ αβ(∂X
α∂X¯β) +
1
2
αβ
(
∂λαλ¯β − λα∂λ¯β) , (3.4)
G(z) = −1
k
(
− J3ψ3 + 1
2
(
J+ψ− + J−ψ+
)− 1
k
(ψ3ψ+ψ−)
)
− 1
k
(
K3χ3 + 1
2
(
K+χ− +K−χ+
)
+ 1
k
(χ3χ+χ−)
)
+
1
2
αβ
(
∂Xαλ¯β − ∂X¯αλβ) , (3.5)
where here, as in the following, normal-ordering is always understood. Moreover, we
introduce the standard ghosts of the superstring, i.e. a bc system with λ = 2, and a
βγ system with λ = 3
2
, satisfying (see Appendix C for our conventions)7
b(z)c(w) ∼ 1
z − w , βˆ(z)γˆ(w) ∼ −
1
z − w . (3.6)
These fields also generate an N = 1 superconformal structure with
Tgh(z) = −2b(∂c)− (∂b)c− 32 βˆ(∂γˆ)− 12(∂βˆ)γˆ , (3.7)
Ggh(z) = (∂βˆ)c+
3
2
βˆ(∂c)− 1
2
bγˆ . (3.8)
The standard BRST operator of the superstring is then given by
Q =
∮
dz
(
c
(
T + 1
2
Tgh
)
+ γˆ
(
G+ 1
2
Ggh
))
. (3.9)
We split Q into three pieces according to their βˆγˆ ghost number [38]
Q = Q0 +Q1 +Q2 , (3.10)
7In order to distinguish the superconformal ghosts from the βγ system that appears in the
Wakimoto realisation of sl(2,R), we denote them with a hat.
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where
Q0 =
∮
dz c
(
T + Tgh
)
+ b(∂c)c+ 3
4
∂
(
γˆβˆc
)
=
∮
dz c
(
T + Tgh
)
+ b(∂c)c , (3.11)
Q1 =
∮
dz γˆG , (3.12)
Q2 = −14
∮
dz bγˆγˆ . (3.13)
Q0 is the BRST operator of the bosonic string, for which the βˆγˆ ghosts are treated
as additional matter fields. BRST invariance under Q2 is usually trivially (at least
in the canonical picture), and the important piece of the BRST charge is Q1.
In the following, we will always use the bosonised form of the superconformal
ghosts, i.e. we introduce free bosons with background charge Qφ = 2 and Qχ = −1
and OPEs
φ(z)φ(w) ∼ − log(z − w) , χ(z)χ(w) ∼ log(z − w) , (3.14)
and write
βˆ = e−φeχ∂χ , γˆ = e−χeφ . (3.15)
The φ-boson then has c = 13, while the χ-boson yields c = −2, see Appendix C for
our conventions. (This then reproduces the central charge c = 11 of the βˆγˆ system.)
We also define the (ξ, η) pair via
ξ = eχ , η = e−χ , (3.16)
where h(ξ) = 0 and h(η) = 1. Finally, the picture raising operation on vertex
operators is defined by Z = −2[Q, ξ · ].
3.2 The hybrid formalism
In order to rewrite these degrees of freedom in terms of the hybrid formalism, we
now bosonise the ten fermions, i.e. we introduce bosons via
∂H1 =
1
k
(ψ+ψ−) , ∂H2 =
1
k
(χ+χ−) , ∂H3 =
2
k
(ψ3χ3) , (3.17a)
∂H4 = (λ
+λ¯−) , ∂H5 = −(λ−λ¯+) . (3.17b)
These bosons satisfy the standard OPEs (with vanishing background charge QH = 0)
Hi(z)Hj(w) ∼ δij log(z − w) , (3.18)
and we can express the fermions in terms of them as
ψ± =
√
ke±H1 , χ± =
√
ke±H2 ψ3 ∓ χ3 =
√
ke±H3 , (3.19a)
λ+ = eH4 , λ− = e−H5 , λ¯+ = eH5 , λ¯− = e−H4 . (3.19b)
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Here and in the following we will suppress cocycle factors. The final step consists of
refermionising these bosons, i.e. by considering the fermionic generators that can be
constructed out of these bosons as
pαβ = e
α
2
H1+
β
2
H2+
αβ
2
H3+
1
2
H4+
1
2
H5− 12φ , (3.20a)
θαβ = e
α
2
H1+
β
2
H2−αβ2 H3− 12H4− 12H5+ 12φ , (3.20b)
Ψ+ = eH4−φ+χ , (3.20c)
Ψ− = e−H5−φ+χ , (3.20d)
Ψ¯+ = eH5+φ−χ , (3.20e)
Ψ¯− = e−H4+φ−χ . (3.20f)
These fields constitute again a collection of fermionic first-order systems
pαβ(z)θγδ(w) ∼ 
αγβδ
z − w , (3.21)
Ψα(z)Ψ¯β(w) ∼ 
αβ
z − w , (3.22)
where pαβ and Ψα have conformal dimension equal to one, while θαβ and Ψ¯α have
conformal dimension equal to zero. In fact the four fields pαβ describe four of the
eight spacetime supercharges in the canonical ghost picture, so the hybrid formalism
makes half of spacetime supersymmetry manifest. We will see in the next subsection
that the other four supercharges are also (almost) manifest.
The fermionic first-order systems (3.21) and (3.22) describes six bc pairs each
with λ = 1, thus giving rise altogether to c = −12. On the other hand, we started
with ten fermions (giving c = 5), as well as the βˆγˆ superconformal ghosts with c = 11.
Thus we are missing central charge c = 28, which is accounted for by the boson
ρ = 2φ−H4 −H5 − χ , (3.23)
which has background charge Q = 3 in the conventions of Appendix C, and will serve
as a bosonised ghost in the hybrid formalism. Thus we have rewritten the fermionic
degrees of freedom of the NS-R formalism in terms of the fermionic first-order system
(3.21) and (3.22), as well as the boson (3.23).
3.3 Supergroup generators
The final step consists of assembling the (unchanged) bosonic fields Ja, Ka to-
gether with the fermions pαβ and θαβ into the current algebra for the superalgebra
psu(1, 1|2)k; in fact, this is just the Wakimoto representation for this superalgebra.
More specifically, we define
J (f)a = 1
2
ca(σ
a)αµβν(p
αβθµν) , (3.24a)
K(f)a = 1
2
αµ(σ
a)βν(p
αβθµν) , (3.24b)
– 18 –
which generate the sl(2,R)−2 ⊕ su(2)2 algebra. The full psu(1, 1|2)k-generators are
then given as
Ja = Ja + J (f)a , (3.25a)
Ka = Ka +K(f)a , (3.25b)
Sαβ+ = pαβ , (3.25c)
Sαβ− = k∂θαβ + ca(σa)αγ
(
Ja + 1
2
J (f)a
)
θγβ − (σa)βγ
(
Ka + 1
2
K(f)a
)
θαγ . (3.25d)
One checks by a direct calculation, see also [21, 39, 40], that these generators then
satisfy the relations of psu(1, 1|2)k that are spelled out in Appendix B.2. Moreover,
we have used the conventions of (B.4c) for the sigma-matrices.
Thus we conclude that the worldsheet theory in the hybrid formalism is generated
by
psu(1, 1|2)k ⊕ topologically twisted T4 ⊕ ghosts . (3.26)
Here the topologically twisted T4 is described by the bosons ∂Xα, ∂X¯α, together
with the (topologically twisted) fermions Ψα and Ψ¯α, while the ghosts consist of the
bosonic (b, c) ghosts together with the ρ ghost. In order for this to make sense one
must also be able to rewrite the BRST operator (as well as the (ξ, η) pair) in terms
of these redefined fields, and this is indeed possible, see [21] for details.
As shown in [8], the WZW model psu(1, 1|2)1 can be consistently defined and
hence the hybrid formalism provides a good definition of the k = 1 worldsheet theory.
This is one of the main motivations for us to use it here.
4 The psu(1, 1|2)k WZW model
In the next step we discuss the psu(1, 1|2)k WZW-model and its vertex operators.
Details about the OPEs are collected in Appendix B.
4.1 Wakimoto representation of sl(2,R)k+2 and vertex operators
We recall from Section 2.2 that
|j,m〉 =
∮
dz γ−j−me j
√
2
k
Φ(z)|0〉 (4.1)
defines an affine highest weight state of an sl(2,R)k+2 representation.
8 These states
can also be viewed as part of a psu(1, 1|2) multiplet. Since in the Wakimoto repre-
sentation Sαβ+ = pαβ, these states are annihilated by all supercharge zero modes of
8Note that the decoupled sl(2,R)k+2 algebra is now at level k+ 2, and hence k is shifted by +2
relative to the formulae of Section 2.
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that form. In order to match the conventions of [8], we now shift j by one half, and
define
|j,m, 0, ↑〉 =
∮
dz γ−j−m+
1
2 e(j−
1
2
)
√
2
k
Φ(z)|0〉 , m ∈ Z+ λ+ 1
2
. (4.2)
Here the penultimate entry in the ket indicates the transformation properties under
the R-symmetry su(2)R, while the last entry describes the representation with re-
spect to the outer automorphism. Thus these states transform in the representation
(C
j− 1
2
λ+ 1
2
,1) with respect to sl(2,R) ⊕ su(2)R, but are the highest weight states of a
non-trivial representation of the outer automorphism.
We can now find the other vertex operators of the psu(1, 1|2) multiplet by ap-
plying the supercharges Sαβ−0 . First we consider the four states S
αβ−
0 |j,m, 0, ↑〉.
Diagonalising the sl(2,R)⊕ su(2)R action leads to the linear combinations
|j,m, ↑, 0〉 = S++−0 |j,m− 12 , 0, ↑〉+ S−+−0 |j,m+ 12 , 0, ↑〉 , (4.3a)
|j,m, ↑, 0〉′ = (−j +m+ 1)S++−0 |j,m− 12 , 0, ↑〉+ (j +m− 1)S−+−0 |j,m+ 12 , 0, ↑〉 .
(4.3b)
The states in the first line are the spin up component (with respect to su(2)R) of
the representation (Cjλ,2), whereas the states in the second line are the spin up
component of (Cj−1λ ,2). In the explicit Wakimoto representation, we thus have
|j,m, ↑, 0〉 = (j − 3
2
) ∮
dz
(
θ++γ−j−m+1 + θ−+γ−j−m
)
e(j−
1
2
)
√
2
k
Φ(z)|0〉 , (4.4a)
|j,m, ↑, 0〉′ = (j − 1
2
) ∮
dz
((
j −m− 1)θ++γ−j−m+1
− (j +m− 1)θ−+γ−j−m)e(j− 12 )√ 2kΦ(z)|0〉 . (4.4b)
We can similarly construct the vertex operators for the other descendants.
4.2 The short representation
As an aside we should mention that the above multiplet shortens for j = 1
2
, which
was one of the key insights in [8].9 Indeed, (4.4b) becomes null for j = 1
2
. In this
special case, the psu(1, 1|2) representation is particularly simple and the complete
9For j = 32 , the multiplet also shortens, since (4.4a) becomes null. However, the two representa-
tions are actually isomorphic since (C0
λ+ 12
,1) ∼= (C1λ+ 12 ,1).
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list of vertex operators reads (we suppress the label j = 1
2
in the following):
|m, 0, ↑〉 =
∮
dz γ−m|0〉 , (4.5a)
|m, ↑, 0〉 = −
∮
dz
(
θ++γ−m+
1
2 + θ−+γ−m−
1
2
)
|0〉 , (4.5b)
|m, ↓, 0〉 = −
∮
dz
(
θ+−γ−m+
1
2 + θ−−γ−m−
1
2
)
|0〉 , (4.5c)
|m, 0, ↓〉 =
∮
dz
(
− θ−−θ−+γ−m−1 + θ−+θ+−γ−m
− θ−−θ++γ−m − θ+−θ++γ−m+1
)
|0〉 . (4.5d)
We should stress that this shortening happens regardless of the value of k. While
this multiplet is usually not part of the string theory spectrum as conjectured in [2],
at k = 1 it is the only consistent multiplet [8]. This follows from the fact that any
long multiplet contains a spin ≥ 1 representation of R-symmetry su(2)k, which is not
allowed at level k = 1.
4.3 Spectral flow
We will also need the behaviour of the Wakimoto representation under the spectral
flow σ of psu(1, 1|2)k (which acts both on sl(2,R)k and su(2)k). The generating fields
transform under spectral flow as
σw(pαβ)(z) = z
1
2
w(β−α)pαβ(z) , (4.6a)
σw(θαβ)(z) = z−
1
2
w(β−α)θαβ(z) , (4.6b)
σw(β)(z) = β(z)z−w , (4.6c)
σw(γ)(z) = γ(z)zw , (4.6d)
σw(∂Φ)(z) = ∂Φ(z) +
√
k
2
w
z
, (4.6e)
σw(K±)(z) = K±(z)z±w , (4.6f)
σw(K3)(z) = K3(z) + kw
2z
. (4.6g)
5 The spacetime symmetry algebra
In this Section we define the boundary symmetry generators (i.e. the DDF operators)
for the background AdS3 × S3 × T4 following [16, 41–43]. We will first show how to
construct the operators that realise an extended spacetime N = 4 algebra.
In the following it will be convenient to treat the torus excitations (that are
independent of k) in the RNS formalism, while the AdS3 × S3 part will be analysed
in the hybrid formalism. This then also remains well-defined at k = 1 (where only
the AdS3 × S3 part becomes ill-defined in the RNS formalism).
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5.1 Spacetime operators in the RNS-formalism
We begin by constructing the spacetime operators for the torus directions in the
RNS-formalism. Since these are independent of k, there is no need to invoke the
hybrid formalism for them. In any case, we can always rewrite them in terms of the
hybrid variables if we want to.
5.1.1 Free bosons
The spacetime operators for the free bosons of the torus are given in the canonical
(−1) picture as
∂X (−1)αm =
∮
dz λαe−φγm , ∂X¯ (−1)αm =
∮
dz λ¯αe−φγm . (5.1)
One readily shows that these operators are BRST invariant under the BRST charge
(3.10). Indeed, since the integrand has conformal weight h = 1, it is invariant under
the bosonic piece Q0 (3.11). On the other hand, both Q1 and Q2 have regular OPEs
with the integrand.
For the following it will also be convenient to evaluate these operators in the (0)
picture, where they become
∂X (0)αm = −2
∮
dz G−1/2(λαγm)(z) (5.2)
=
∮
dz
(
∂Xαγm − m
k
λα
(
2ψ3γm − ψ+γm+1 − ψ−γm−1))(z) , (5.3)
and similarly for the barred bosons. These generators satisfy then the commutation
relations10
[∂X (0)αm , ∂X¯ (0)βn ] = −nαβI(0)m+n , (5.4)
where we have defined
I(0)m ≡
∮
dz (γm−1∂γ)(z) . (5.5)
For m 6= 0, the integrand is a total derivative and vanishes, and thus I(0)m = I δm,0,
where I is the ‘identity’ operator that was already introduced in the bosonic analysis,
see eq. (2.19). Thus we arrive at
[∂X (0)αm , ∂X¯ (0)βm ] = mδm+nαβI . (5.6)
Of course, this relation now holds in any picture. Similarly, one checks that
[∂X (0)αm , ∂X (0)βm ] = 0 , [∂X¯ (0)αm , ∂X¯ (0)βm ] = 0 . (5.7)
10This is most easily evaluated by taking one of the generators in the (−1) picture and the other
in the (0) picture, and then changing the picture, but one can also work this out directly with both
of them in the (0) picture.
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5.1.2 Free fermions
Next we come to the fermionic operators. The free fermions are best constructed in
the canonical (−1
2
) picture, where the relevant vertex operators are given as11
Λ
(− 1
2
)α
r = k
− 1
4
∮
dz
(
e
1
2
H1+
α
2
H2−α2H3+ 12H4− 12H5−φ2 γr+
1
2
+ e−
1
2
H1+
α
2
H2+
α
2
H3+
1
2
H4− 12H5−φ2 γr−
1
2
)
, (5.8)
and similarly for the complex conjugates
Λ¯
(− 1
2
)α
r = k
− 1
4
∮
dz
(
e
1
2
H1+
α
2
H2−α2H3− 12H4+ 12H5−φ2 γr+
1
2
+ e−
1
2
H1+
α
2
H2+
α
2
H3− 12H4+ 12H5−φ2 γr−
1
2
)
. (5.9)
Here α will be an R-symmetry index, and we have suppressed the cocycle factors
that are necessary for locality. These vertex operators (anti)commute again trivially
with Q0 and Q2. To demonstrate invariance with respect to Q1, one has to show
that G(z) has no (z−w)−3/2 singularity with the integrand. There are two potential
contributions to this singularity, one arising from the cubic fermion terms in (3.5),
and one from the contraction of the sl(2,R) part in the first line of (3.5) with the
γ’s in the integrand of (5.8) or (5.9). As it turns out the two contributions cancel
precisely, thus proving that these operators are indeed BRST invariant. Furthermore,
since the exponents of the Hi involve an even number of (−)-signs, the operators also
respect the GSO projection.
The anticommutators of these fermionic operators can be computed directly, and
one finds
{Λ(−
1
2
)α
r ,Λ
(− 1
2
)β
s } = 0 , (5.10)
{Λ¯(−
1
2
)α
r , Λ¯
(− 1
2
)β
s } = 0 , (5.11)
{Λ(−
1
2
)α
r , Λ¯
(− 1
2
)β
s } = 
αβ
k
∮
dz e−φ
(
ψ+γr+s+1 − 2ψ3γr+s + ψ−γr+s−1
)
(z) (5.12)
= αβI(−1)r+s , (5.13)
where we have used picture changing in the last step.12 Thus, the fermions behave
as free fields in spacetime.
11Since they describe spacetime fermions they come from the R-sector on the world-sheet; their
structure can then be read off from (3.17a) and (3.17b).
12Strictly speaking, since we have not kept track of the cocycle factors, our calculation only shows
that the last anti-commutator is given by the right-hand-side up to a sign (which could in principle
also depend on α = −β). However, given that α and β are spinor indices with respect to the outer
su(2) symmetry, the dependence must be proportional to αβ .
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5.2 The spacetime operators in the hybrid formalism
Next we want to construct the spacetime N = 4 algebra whose supercharges will
transform these boson and fermion fields into one another. Since the superconformal
symmetry arises from the AdS3 × S3 part of the background, we should now switch
to the hybrid formalism.
5.2.1 The Virasoro algebra
Let us begin with the spacetime Virasoro algebra that was already (in the zero
picture) given in Section 2.3, see eq. (2.17)
L(0)n =
∮
dz
((
1− n2)J3γn + n(n−1)
2
J+γn+1 + n(n+1)
2
J−γn−1
)
(z) . (5.14)
Incidentally, this formula is the same in the NSR and the hybrid formalism — the
calculations of [16] were done in the RNS formalism — since the sl(2,R)k currents
Ja are the same in both descriptions.13 A direct computation similar to the bosonic
case shows that
[L(0)m ,L(0)n ] = (m− n)L(0)m+n +
k
2
m(m2 − 1) I(0)m+n , (5.15)
where I(0)m = I δm,0 is again given by (5.5). One also checks that the spacetime free
fields from the torus transform as primary fields of conformal weight 1 and 1
2
(for the
bosons and fermions, respectively) with respect to this Virasoro algebra; this is the
analogue of (A.8).
5.2.2 The supercharges
Next we want to find the DDF operators for the supercharges. In the (−1
2
) picture
they are given as
G(−
1
2
)αβ
r = k
1
4
∮
dz
((
r − 1
2
)
e
1
2
H1+
α
2
H2+
α
2
H3+
β
2
H4+
β
2
H5−φ2 γr+
1
2
+
(
r + 1
2
)
e−
1
2
H1+
α
2
H2−α2H3+β2H4+β2H5−φ2 γr−
1
2
)
(z) . (5.16)
We have written this formula in terms of the RNS fields since then the expressions are
simpler (and more symmetrical). Note that for the G(−
1
2
)α+
∓β/2 generators, the integrand
is equal to pβα, see (3.20a), and hence these generators also have a simple description
in the hybrid formalism; the Gα−∓β/2 generators are more easily described in terms of
the hybrid fields in the (+1
2
) picture, see below.
13These generators describe spacetime symmetries, and hence should agree. One can also check
this explicitly by inserting (3.20a) and (3.20b) into (3.25a).
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One can again check that these operators commute with the BRST charge and
preserve the GSO-projection. Furthermore, they indeed transform the bosonic and
fermionic spacetime operators into one another, i.e.
{G(−
1
2
)αβ
r ,Λ
(− 1
2
)γ
s } = αγ∂X (−1)βr+s , (5.17)
[G(−
1
2
)αβ
r , ∂X (0)γm ] = mβγΛ(−
1
2
)α
m+r , (5.18)
and similarly for the barred free fields.
In order to confirm that the supercharges generate the N = 4 superconformal
algebra, it is convenient to take the supercharges Gα+r in the (−12) picture, and the
supercharges Gα−r in the (+12) picture. Applying picture changing on G
(− 1
2
)α−
± 1
2
gives
rise to (3.25d) with two extra terms,14
G(+
1
2
)α−
± 1
2
= ±S˜∓α−0 ≡ ±S∓α−0 ±
∮
dz
(
p∓αeρ(∂X¯−Ψ+−∂X−Ψ¯+)+ 1
2
p∓αbeρ
)
, (5.19)
where we have now written the generators in terms of the hybrid fields. We should
mention that the two extra terms will not modify the psu(1, 1|2)k algebra itself, but
couple it to the free bosons and fermions of T4.
The expression for general mode number r can be obtained by taking the com-
mutator with the Virasoro generators, and one finds
G(+
1
2
)α−
r =
∮
dz
((
r + 1
2
)
S˜−α−γr−
1
2 +
(
r − 1
2
)
S˜+α−γr+
1
2
+
(
r2 − 1
4
)(
2J3θ−αγr−
1
2 + 2J3θ+αγr+
1
2 − J+θ−αγr+ 12
− J−θ−αγr− 32 − J+θ+αγr+ 32 − J−θ+αγr− 12 )) , (5.20)
i.e. there are further correction terms, see the contributions from the second and
third line. Incidentally, this expression can also be obtained directly by applying
picture changing to the expressions for the supercharges in the (−1
2
) picture.
5.2.3 The spacetime su(2)-currents
With these expressions at hand we can now calculate the anti-commutators of the
supercharges, and thereby read off the form of the spacetime affine su(2) algebra
generators,
K(0)am =
∮
dz
(
Kaγm − m
2
(σa)αβ
(
S+α+θ+βγm+1 + S−α+θ−βγm−1
+ S+α+θ−βγm + S−α+θ+βγm
))
. (5.21)
This agrees with what one obtains from [16] upon rewriting the RNS fields in terms
of the hybrid fields.
14Thus the Wakimoto representation (3.25d) essentially implements picture changing.
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5.3 The complete spacetime algebra
It remains to check that the generators (5.14), (5.16), (5.19) and (5.21) satisfy the
(anti-)commutation relations of the small N = 4 algebra,
[Lm,Ln] = k2 Im(m2 − 1)δm+n,0 + (m− n)Lm+n , (5.22a)
[Lm,Gαβr ] =
(
1
2
m− r)Gαβm+r , (5.22b)
[Lm,Kan] = −nKam+n , (5.22c)
[K3m,K3n] = k2 Imδm+n,0 , (5.22d)
[K3m,K±n ] = ±K±m+n , (5.22e)
[K+m,K−n ] = k Imδm+n,0 + 2K3m+n , (5.22f)
[Kam,Gαβr ] = 12(σa)αγGγβr+m , (5.22g)
{Gαβr ,Gγδs } = k
(
r2 − 1
4
)
αγβδI δr+s,0 + αγβδLr+s + (r − s)βδ(σa)αγKar+s , (5.22h)
and this turns out to be the case. Furthermore, the free boson and fermion fields
extend this algebra to the so-called extended small N = 4 algebra,
{Gαβr ,Λγs} = αγ(∂X )βr+s , (5.23a)
[Gαβr , ∂X γm] = mβγΛαr+m , (5.23b)
{Gαβr , Λ¯γs} = αγ(∂X¯ )βr+s , (5.23c)
[Gαβr , ∂X¯ γm] = mβγΛ¯αr+m , (5.23d)
[∂X αm, ∂X¯ βn ] = mαβ I δm+n,0 , (5.23e)
{Λαr , Λ¯βs} = αβ I δr+s,0 . (5.23f)
We have checked these relations in specific pictures, but they remain then also true in
general (and we have therefore not written the picture numbers explicitly). We should
also mention that the identity operator I commutes with the N = 4 generators and
the free fields, and that the free fields transform as Virasoro primaries.
5.4 The action of the spacetime algebra on physical states
As in the bosonic case discussed in Section 2.5 it remains to understand the values
the various mode numbers can take. The argument that was given there continues to
hold essentially unmodified — the γ field has the property that γm is single-valued
for any m ∈ R, see eq. (2.30). Given the form of the spectral flow on γ, see eq. (4.6d),
as well as the form of the various DDF operators, it follows that the mode numbers
of bosonic DDF operators may be taken to lie in15
w-th spectrally flowed sector: n ∈ 1
w
Z , (5.24)
15For w = 0 the modes can a priori take any real value.
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while the condition for the fermionic generators is instead
w-th spectrally flowed sector: r ∈ 1
w
Z+ 1
2
. (5.25)
This is again reminiscent of the fractionally moded algebra in the symmetric orbifold
[44], and indeed the untwisting that was done in the bosonic case, see Section 2.5.1,
can be similarly performed. As in the bosonic case, the DDF operators map then
different continuous representations Cjλ into one another, see eq. (2.33). While both
C
j
λ and C
j
λ−n are part of the world-sheet spectrum, there is actually a non-trivial
constraint in that in the ‘diagonal modular invariant’ we are considering, only the
combinations Cjλ ⊗ Cjλ appear in the Hilbert space, i.e. the left- and right-moving λ
always agree. This means that, in order to map physical states to physical states, we
need to combine left- and right-moving DDF operators such that the total left- and
right-moving mode numbers differ by an integer (for bosonic DDF operators). This
condition reflects precisely the orbifold invariance condition of the spacetime CFT
[8, 23, 24].
6 The symmetric product orbifold
As we have seen above, the spectrally flowed continuous world-sheet representations
give rise to the different single-cycle twisted sectors of a symmetric orbifold. In the
previous section we have identified some of the generators of the corresponding seed
theory; in particular, we have shown that the seed theory contains the extended
small N = 4 superconformal algebra with c = 6k, see eq. (5.22a). In this section we
show that the dual spacetime CFT is the symmetric orbifold
SymN
([
small N = 4 Liouville with c = 6(k − 1)
]
⊕ T4
)
. (6.1)
In particular, for k = 1, the Liouville part vanishes and we recover the symmetric
orbifold of T4 [8], see Section 6.5 below.
6.1 The T4 algebra
The first step of our argument consists of separating out the torus degrees of freedom
from the rest (which is the N = 4 analogue of (2.40)). In order to do so, we note
that we can construct small N = 4 generators out of the free fields as
(KaT4)m = 12(σa)αβ(ΛαΛ¯β)m , (6.2a)
(GαβT4 )r = (Λα∂X¯ β)r − (Λ¯α∂X β)r , (6.2b)
(LT4)m = αβ(∂X α∂X¯ β)m + 12αβ
(
(∂ΛαΛ¯β)m − (Λα∂Λ¯β)m
)
. (6.2c)
These generators satisfy the small N = 4 algebra with c = 6. We can then decouple
the T4 part from the small N = 4 algebra by considering the differences Lm−(LT4)m
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and similarly for Gαβr and Kam. These differences satisfy again the small N = 4
algebra, but commute with the torus modes. This shows that the chiral algebra of
the seed theory of the symmetric product orbifold is[
small N = 4 with c = 6(k − 1)
]
⊕ 4 free bosons and 4 free bosons . (6.3)
6.2 N = 4 Liouville theory
Next we want to show that the first term should be thought of as N = 4 Liouville
theory. Since N = 4 Liouville theory is not very well known, we briefly review its
main features below.
N = 4 Liouville theory can be constructed starting from anN = 1 supersymmet-
ric WZW-model based on SU(2) × U(1) [5, 45–47], together with some background
charge for the U(1) factor so that the total central charge is c = 6κ. (For the appli-
cation we have in mind, we will later identify κ = k − 1.) We denote the generating
fields by16
ψαβ , ∂φ and Ja . (6.4)
Here, ∂φ is the bosonic generator of the U(1) factor. The indices α and β are
spinor indices while a is an adjoint index of su(2), and the currents Ja generate
the affine su(2) algebra at level κ − 1. Our conventions for their OPEs can be
found in Appendix B.3. The chiral algebra has actually large N = 4 superconformal
symmetry, but it also contains a small N = 4 algebra [45, 47], whose generators take
the form
T =
1
κ+ 1
(
J3J3 + 1
2
(
J+J− + J−J+
))
+
1
2
αγβδ∂ψ
αβψγδ
+
1
2
∂φ∂φ+
iκ√
2(κ+ 1)
∂2φ , (6.5a)
Gαβ =
1√
2
(∂φψαβ) +
i√
κ+ 1
(
− (σa)αγ
(
Ja + 1
3
J (f,+)a
)
ψγβ
+ 1
3
(σa)
β
γJ
(f,−)aψαγ + κ∂ψαβ
)
, (6.5b)
Ka = Ja + J (f,+)a , (6.5c)
where the fermionic currents are
J (f,+)a =
1
4
(σa)αγβδ(ψ
αβψγδ) and J (f,−)a =
1
4
αγ(σ
a)βδ(ψ
αβψγδ) . (6.6)
The vertex operators of this theory can be described by
e
1√
2(κ+1)
(2p−iκ)φ
V` , (6.7)
16These fields should not be confused with the world-sheet fields we were describing earlier: from
now on we shall only talk about the fields of the (seed theory) of the spacetime CFT. We use the
same symbols as before since this is the usual convention for N = 4 Liouville theory.
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where p ∈ R, and V` denotes the su(2)κ−1 primary of spin `. It has conformal weight
h =
(
`+ 1
2
)2
+ p2
κ+ 1
+
κ− 1
4
. (6.8)
In particular, the lowest conformal dimension of spin ` is therefore
∆NS` =
(
`+ 1
2
)2
κ+ 1
+
κ− 1
4
, (6.9)
above which there is a continuum of conformal weights. Here the su(2) spin ` takes
values in {0, 1
2
, . . . , κ−1
2
}, in agreement with the unitarity bound for the small N = 4
superconformal algebra [48].
The above discussion applies to the NS-sector. In the R-sector there is an ad-
ditional contribution from the ground state energy of the four fermions, whose zero
modes generate the su(2) representation 2 ⊕ 2 · 1. As a consequence, the value of
the su(2) spin ` is shifted by one half, and the gap in the R-sector is
∆R` =
`2 + p2
κ+ 1
+
κ− 1
4
+
1
4
. (6.10)
In the R-sector, the su(2) spin ` takes values in {1
2
, 1, . . . , κ
2
}.
N = 4 Liouville theory has then the same spectrum as the above free boson
theory, except that the operators associated to p and −p should be identified. (This
will reflect the fact that for the continuous representations of sl(2,R), the two cases
j = 1
2
± ip define the same representation.) As a consequence, also the correlation
functions of Liouville theory are more complicated than those calculated from the
free boson theory.
6.3 Identifying Liouville theory on the world-sheet
In the bosonic case, Liouville theory is believed to be uniquely characterised by
having Virasoro symmetry, together with the full spectrum of Liouville fields [28, 29].
It is tempting to speculate that a similar statement should be true for N = 4
Liouville theory. Since we have already shown that the first factor has small N = 4
superconformal symmetry, it only remains to show that the world-sheet theory gives
rise to the full spectrum of Liouville theory. Since the single-particle perturbative
part of the spacetime theory only has a NS-sector, we need to show that the spacetime
spectrum exhibits the gaps (6.9), together with a continuum above. Similarly, we
need to show that the same is true for the twisted sectors of the symmetric orbifold
(where for even twist w we also need the R-sector ground state energy (6.10), see
[23].) This mirrors then precisely the analysis of Section 2.6 for the bosonic case.
In order to establish this, we first note that the restriction of the su(2) spins
to ` ∈ {0, 1
2
, . . . , k−2
2
} is correctly implemented in the world-sheet theory, since the
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bosonic su(2) algebra (which we denoted by Ka above) is at level k−2. To determine
the gap predicted by the world-sheet theory, we simply have to solve the mass-shell
condition on the worldsheet for a continuous representation. In the w spectrally
flowed NS-sector, it takes the form [23]
1
4
+ p2
k
− hw + kw
2
4
+
`(`+ 1)
k
=
1
2
, (6.11)
where the first term comes from the Casimir of the sl(2,R)k+2 representation, the
next two terms arise from the spectral flow and the last term is the su(2)k−2 ground
state energy. (We are considering here the ground state with N = 0.) Finally, the
right-hand side is the appropriate normal ordering constant in the NS-sector. Here,
h denotes the spectrally flowed J30 eigenvalue, which corresponds to the conformal
weight in the dual CFT. From this, we solve
h =
(
`+ 1
2
)2
+ p2
wk
+
kw2 − 2
4w
=
6k
24w
(w2 − 1) + ∆
NS
`
w
+
p2
wk
, (6.12)
which matches precisely with (6.9), provided that κ = k− 1. The ground state with
N = 0 is allowed to exist only for an odd unit of spectral flow, because of the GSO
projection.17
For even spectral flow, we have to apply one fermion, which we take to be χ+−1/2,
i.e. the positively charged su(2) fermion. The mass-shell condition then reads
1
4
+ p2
k
− hw + kw
2
4
+
`(`− 1)
k
+
1
2
=
1
2
, (6.13)
where ` is the actual su(2) spin of the state. (Since we have applied χ+−1/2, it differs
by one unit from the spin of the ground state, which is therefore `0 = `− 1.) Solving
the mass-shell condition yields now
h =
`(`− 1) + 1
4
+ p2
kw
+
kw
4
=
6k
24w
(w2 − 1) +
∆R
`− 1
2
w
+
p2
wk
+
1
4w
. (6.14)
This matches with the R-sector ground state energy of Liouville theory, using that
the symmetric orbifold in even twist sectors behaves effectively as in the R-sector,
see [9, 44]. Note that the additional contribution + 1
4w
in (6.14) comes from the
fact that also the additional T4 in (6.1) is now in the R-sector for which the ground
state energy is 1
4
. Furthermore, the su(2) spin ` is shifted by 1
2
with respect to pure
Liouville theory, because of the additional zero modes of the torus theory T4. Thus,
the representation content matches exactly.
17Here we have only spectrally flow in the sl(2,R) sector; then the GSO projection depends on
the cardinality of the sepctral flow, see e.g. [37].
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6.4 Spectrum generating algebra
So far we have only shown that the w-spectrally flowed continuous representations
give rise to a spacetime spectrum on which the w-cycle twisted sector operators of
the generators in (6.1) act. Now we want to show that these twisted sector operators
generate in fact the entire spectrum.
We shall first consider the case k ≥ 2; the case k = 1 will be discussed separately
in the following section. For k ≥ 2, the argument works essentially as in flat space.
For k ≥ 2, we have 8 bosonic and fermionic DDF operators as follows. For the
bosonic operators, 4 of them come from N = 4 Liouville theory (namely from the
Ja and ∂φ in (6.4)), while the other 4 are the 4 torus modes. For the fermions, we
have 4 fermionic generators from N = 4 Liouville theory (namely the ψαβ in (6.4)),
while the other 4 generators are the 4 torus fermions.
These DDF operators can now be compared to the world-sheet description. The
matching of the fermions is straightforward since they define free fields (and hence
do not contain any null-vectors). As regards the bosons, we have before imposing the
physical state conditions, 10 bosonic generators on the world-sheet: 3 from sl(2)k+2,
3 from su(2)k−2, and 4 from the torus. sl(2,R)k+2 does not have any null-vectors
(for k ≥ 2), and hence the physical state condition removes two of the bosonic
generators, leaving essentially one boson behind (that we may identify with ∂φ in
(6.4)). The su(2)k−2 generators of the world-sheet can be directly identified with
the su(2)κ−1 generators of (6.4) — in particular, their characters agree precisely,
including null-vectors — while the remaining 4 bosons are torus bosons in both
descriptions. The fact that our DDF operators generate the entire spectrum then
follows by the usual character argument. This is to say, we can easily calculate the
character of the physical spectrum from the world-sheet, and it manifestly agrees
with the corresponding character of the DDF operators. This works separately for
each w, and for each ground-state representation. Thus the DDF operators we have
constructed generate the full spacetime spectrum.
6.5 The case of k = 1
The case k = 1 is very special. In particular, the Liouville part of the seed theory
(6.3) now has c = 0, and we would expect that it disappears entirely from the
spectrum. In fact, this is precisely in agreement with what was shown in [8], where
we determined the world-sheet characters at k = 1, and demonstrated that they
are generated by 4 free bosons and fermions. Thus we should only expect to have
4 + 4 DDF operators, and these are precisely the ones associated to T4 (that will
always exist). Furthermore, at k = 1 the continuous representations account for
the complete worldsheet theory, since there are no discrete representations on the
worldsheet in this case [8].
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We should emphasise that relative to [8], where ‘only’ the spectrum was matched,
we have now established that the algebraic structure of the spacetime theory is
indeed that of the symmetric orbifold of T4: we have shown that the spacetime
CFT contains the spectrum generating operators of the symmetric orbifold with
the correct commutation relations. This essentially amounts to proving that the
spacetime theory is indeed the symmetric orbifold of T4.
7 Discussion
In this paper, we have considered string theory on AdS3 with pure NS-NS flux. By
considering a complete set of DDF operators, we have shown that the spacetime
theory is given by a symmetric orbifold of Liouville theory together with the internal
CFT. We have established this for bosonic string theory on AdS3×X, as well as for
superstrings on AdS3 × S3 × T4; in the latter case, the dual CFT is the symmetric
orbifold of the product of N = 4 Liouville theory with the T4 theory. We have
moreover seen that the k = 1 limit considered in [8] comes about naturally, since
in this case the N = 4 Liouville part (together with its long string continuum)
disappears.
This gives a fairly complete picture of holography on AdS3 with pure NS-NS
flux. The background is indeed ‘singular’, but this does not hinder the existence
of a well-defined dual CFT. In the general case, the proposed dual CFTs contain
also a continuum of states, and in particular the vacuum is non-normalisable. As
we have seen, the entire spacetime spectrum is accounted for by the continuous
representations on the world-sheet. We have argued in Section 2.7 that the discrete
representations on the world-sheet give rise to non-normalisable operators in the dual
CFT that are not directly part of the CFT spectrum, see also [4].
While our discussion in the bosonic case was general, we focused on the specific
example of AdS3×S3×T4 in the supersymmetric case. This is because the fermions
couple the AdS3 factor to the rest of the background, and one cannot easily treat
the general case uniformly. For instance, in the case of K3, the spacetime theory has
also small N = 4 supersymmetry and at least at the orbifold point of K3, one easily
sees that the general answer for the dual CFT will be
SymN
([
N = 4 Liouville with c = 6(k − 1)
]
⊕ K3
)
. (7.1)
In particular, for k = 1, one simply recovers the symmetric orbifold of K3 [49].
Another interesting background is given by AdS3 × S3 × S3 × S1 [50–53]. We will
show in [54] that the spacetime CFT turns out to be
SymN
(
large N = 4 Liouville with c = 6k
+k−
k+ + k−
)
, (7.2)
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which collapses to the symmetric orbifold of S3 × S1 if one of the fluxes through
the spheres attains its minimal value k+ = 1 or k− = 1. Similarly, the dual CFTs
of the orbifold backgrounds [55–59] should simply be given by the orbifolds of the
respective (extended) Liouville theories.
It is interesting to note that the seed theories of the dual CFTs we have given are
essentially the Drinfel’d Sokolov (quantum Hamiltonian) reductions of the respective
worldsheet theories, in close analogy to the higher spin setting [60]. Indeed, it is well-
known that the quantum Hamiltonian reduction of sl(2,R)k yields Liouville theory
with central charge [61]
c = 13− 6(−k + 2)− 6−k + 2 = 1 +
6(k − 1)2
k − 2 , (7.3)
which differs by 24 from (2.41). This is related to the fact that in bosonic string the-
ory, the ghosts contribute central charge c = −26, whereas in the quantum Hamil-
tonian reduction, they only contribute c = −2. Thus, while our construction is
certainly related to quantum Hamiltonian reduction, it is not exactly clear what the
precise relation should be.
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A Higher spin fields in spacetime
In this Appendix we explain how to construct DDF operators associated to the higher
spin generators on the world-sheet. Since this construction does not seem to have
been discussed in the literature before, we will be fairly explicit.
A.1 Internal Virasoro algebra
Let us begin by constructing the DDF operators associated to the (internal) Virasoro
algebra arising from X, whose Virasoro tensor we denote by Tm(z). We define the
corresponding spacetime Virasoro generators via
Lmm ≡
∮
dz
(
(∂γ)−1γm+1Tm
)
(z) +
cm
12
∮
dz γm+1
(
3
2
(∂2γ)2(∂γ)−3 − ∂3γ(∂γ)−2
)
.
(A.1)
This definition is a bit formal, but as we shall see it makes sense. In particular,
since ∂γ is a primary field on the worldsheet, the first term in the definition is a
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quasi-primary field on the worldsheet. The second term corrects for the fact that
Tm is only quasi-primary and makes the expression primary. It is essentially the
Schwarzian derivative of the transformation z 7→ γ(z). There are no normal-ordering
ambiguities in the definition (A.1), since γ(z) has regular OPE with itself (as well as
with all its derivatives).
We can calculate the algebra of modes via
[Lmm,Lmn ] =
∮
0
dw
∮
w
dz (∂γ(z))−1(∂γ(w))−1γ(z)m+1γ(w)n+1
×
(
cm/2
(z − w)4 +
2Tm(w)
(z − w)2 +
∂Tm(w)
z − w
)
(A.2)
=
∮
0
dw
(
cm
12
∂3
(
γm+1(∂γ)−1
)
γn+1(∂γ)−1 + 2∂
(
γm+1(∂γ)−1
)
γn+1(∂γ)−1Tm
+ γm+n+2(∂γ)−2∂Tm
)
(A.3)
=
∮
0
dw
(
cm
12
∂3
(
γm+1(∂γ)−1
)
γn+1(∂γ)−1 + (m− n)γm+n+1(∂γ)−1Tm
)
(A.4)
= (m− n)Lmm+n +
cm
12
m(m2 − 1)
∮
0
dw γm+n−1∂γ
+
cm
12
∮
0
dw ∂
(
γm+n+2
(
3
2
(∂2γ)2(∂γ)−4 − ∂3γ(∂γ)−3
))
. (A.5)
The last term vanishes upon integration. In the second term, the same integral
which defined the identity, see eq. (2.19), appears. Thus we obtain indeed a Virasoro
algebra. When identifying I = w1, we see that the central charge equals cmw, but
the generators are again fractionally moded as in the discussion of Section 2.5.
A.2 Higher spin fields
It should now be clear how to generalise the discussion to an arbitrary chiral field
on the world-sheet. Given a primary field W (s)(z) of spin s on the worldsheet, we
define its spacetime analogue as
W(s)m ≡
∮
dz
(
(∂γ)1−sγm+s−1W (s)
)
(z) . (A.6)
Note that this expresses basically the coordinate transformation z 7→ γ(z) of the field
W (s)(z), except that the coordinate transformation itself is described by a dynamical
field. The commutation relations ofW(s)m can be computed as follows. First, we note
that we can organise the OPE of W (s)(z) with another primary V (t)(w) in terms
of Virasoro representations, i.e. that we can restrict ourselves to the primary fields
appearing in the OPE. Thus,
[W(s)m ,V(t)n ] =
∑
u≥0
∮
dz
(
cu(m,n) (∂γ)
1−uγm+u−1U (u)(z)
)
+ descendants , (A.7)
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where cu(m,n) are at this stage arbitrary coefficients, and we have summed over all
primary fields of spin u appearing in the OPE on the right hand side. The fields
U (u)(z) have to appear in this combination with γ, since this is the only combination
which is primary and of conformal weight one on the worldsheet. Moreover, the
exponent of γ is fixed by noting that γ carries charge −1 under the sl(2,R) on the
worldsheet and hence the number of γ’s has to be conserved in the expression.
In order to determine the cu(m,n), we note that they do not depend on γ, and
hence we can compute them by setting γ(z) = z. Then W(s)m agrees with the modes
W
(s)
m of the worldsheet field, and thus the coefficients are exactly the same as those
that appear in the commutation relations of the algebra on the worldsheet. We have
therefore shown that the commutation relations of the spacetime algebra are identical
to the commutation relations of the modes of the respective fields on the worldsheet.
The argument we have presented and the definition (A.6) holds in particular also
for the identity field, in which case it reduces to the definition of I, see eq. (2.19).
Thus, the central terms of the commutation relations are replaced by I, which can
be identified with the spectral flow parameter w, as discussed in the main text, see
Section 2.6.
One can also check that these generators transform indeed as primary fields of
spin s in spacetime,
[Lm,W(s)n ] =
(
m(s− 1)− n)W(s)m+n , (A.8)
where Lm is the spacetime Virasoro algebra (2.17).
B Various commutation relations
B.1 The RNS formalism of strings on AdS3 × S3 × T4
The bosonic part of the worldsheet algebra is sl(2,R)k+2 ⊕ su(2)k−2, together with
four free bosons. They have commutation relations
[J3m, J
3
n] = −k+22 mδm+n,0 , (B.1a)
[J3m, J
±
n ] = ±J±m+n , (B.1b)
[J+m, J
−
n ] = (k − 2)mδm+n,0 − 2J3m+n,0 , (B.1c)
[K3m,K
3
n] =
k−2
2
mδm+n,0 , (B.1d)
[K3m,K
±
n ] = ±K±m+n , (B.1e)
[K+m,K
−
n ] = (k + 2)mδm+n,0 + 2K
3
m+n,0 , (B.1f)
[∂Xαm, ∂X¯
β
n ] = m
αβδm+n,0 . (B.1g)
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There are moreover ten fermions on the worldsheet, which we denote by ψa, χa, λα
and λ¯α; they obey the anticommutation relations
{ψ3r , ψ3s} = −k2δr+s,0 , (B.2a)
{ψ+r , ψ−s } = kδr+s,0 , (B.2b)
{χ3r, χ3s} = k2δr+s,0 , (B.2c)
{χ+r , χ−s } = kδr+s,0 , (B.2d)
{λαr , λ¯βs} = αβδr+s,0 . (B.2e)
B.2 The psu(1, 1|2)k WZW-model
The psu(1, 1|2)k current algebra takes the following form in our conventions:
[J3m, J
3
n] = −12kmδm+n,0 , (B.3a)
[J3m, J
±
n ] = ±J±m+n , (B.3b)
[J+m, J
−
n ] = kmδm+n,0 − 2J3m+n , (B.3c)
[K3m, K
3
n] =
1
2
kmδm+n,0 , (B.3d)
[K3m, K
±
n ] = ±K±m+n , (B.3e)
[K+m, K
−
n ] = kmδm+n,0 + 2K
3
m+n , (B.3f)
[Jam, S
αβγ
n ] =
1
2
ca(σ
a)αµS
µβγ
m+n , (B.3g)
[Kam, S
αβγ
n ] =
1
2
(σa)βνS
ανγ
m+n , (B.3h)
{Sαβγm , Sµνρn } = kmαµβνγρδm+n,0 − βνγρca(σa)αµJam+n
+ αµγρ(σa)
βνKam+n . (B.3i)
Here, α, β, . . . are spinor indices and take values in {+,−}. The third spinor index
of the supercharges encodes the transformation properties under the outer automor-
phism su(2) of psu(1, 1|2). Furthermore, a is an su(2) adjoint index and takes values
in {+,−, 3}. The constant ca equals −1 for a = −, and +1 otherwise. Finally, the
σ-matrices are explicitly given by
(σ−)+− = 2 , (σ
3)−− = −1 , (σ3)++ = 1 , (σ+)−+ = 2 , (B.4a)
(σ−)−− = 1 , (σ3)−+ = 1 , (σ3)+− = 1 , (σ+)++ = −1 , (B.4b)
(σ−)−− = 2 , (σ
3)+− = 1 , (σ
3)−+ = 1 , (σ
+)++ = −2 , (B.4c)
while all the other components vanish.
B.3 The N = 4 Liouville fields
To construct N = 4 Liouville theory, we start with a free field construction of the
N = 4 algebra in terms of the (free) fields
∂φ , ψαβ , Ja , (B.5)
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where ∂φ is a free boson, ψαβ are four free fermions, and Ja is a su(2)κ−1 current.
They have defining OPEs
∂φ(z)∂φ(w) ∼ 1
(z − w)2 , (B.6a)
ψαβ(z)ψγδ(w) ∼ 
αγβδ
z − w , (B.6b)
J3(z)J3(w) ∼ κ− 1
2(z − w)2 , (B.6c)
J3(z)J±(w) ∼ J
±(w)
z − w , (B.6d)
J+(z)J−(w) ∼ κ− 1
(z − w)2 +
2J3(w)
z − w . (B.6e)
These fields can be organised as an N = 4 superfield.
C Free field systems
C.1 bc system
A bc system consists of anti-commuting fields b(z) and c(z) with conformal dimensions
h(b) = λ , h(c) = 1− λ , (C.1)
and defining OPE
b(z)c(w) ∼ 1
z − w . (C.2)
The corresponding energy momentum tensor is
T = (∂b)c− λ ∂(bc) , (C.3)
and it has central charge c = 1− 3(2λ− 1)2. In particular, the bc system with λ = 2
has c = −26.
C.2 βγ system
A βγ system consists of commuting fields β(z) and γ(z) with conformal dimensions
h(β) = λ , h(γ) = 1− λ , (C.4)
and defining OPE
β(z)γ(w) ∼ − 1
z − w . (C.5)
The corresponding energy momentum tensor is
T = (∂β)γ − λ ∂(βγ) , (C.6)
and it has central charge c = 3(2λ−1)2−1. In particular, the βγ system with λ = 3
2
has c = 11.
– 37 –
C.3 Free bosons
For a free boson with OPE
φ(z)φ(w) ∼  log(z − w) , (C.7)
and background charge Q, the stress-energy tensor is
T = 
[1
2
(∂φ)2 − 1
2
Q∂2φ
]
, (C.8)
with central charge
c = 1− 3Q2 . (C.9)
The conformal dimension of the field eqφ is then
h
(
eqφ
)
=
1
2
q(q +Q) . (C.10)
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